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1. INTRODUCTION AND RESULT 
Let r be a rectifiable Jordan curve bounding the region G and let A, B, C, D 
be four different points on r. Denote by u the function harmonic in G which has 
boundary values 1 on CD and 0 otherwise on F, thus u is the harmonic measure 
of CD in G. Then 
with I = s, 2 ds 
is called the capacitance between AB and CD; here the derivative in the integral 
is in the direction of the outward normal. 
This capacitance has recently been studied in [l] and [4], and methods for its 
computation by difference techniques can be found in Campbell [I]. Here we 
want to point out that there is an explicit relation between C and the conformal 
module M of the quadrilateral ABCD, which has been well studied in the 
theory of conformal mapping and which can be determined by various methods; 
see Gaier [2] and [3]. 
This module M is defined by a conformal map of G onto a rectangle R with 
corners 0, a, a + ib, z’b (a > 0, b > 0) such that AB and CD map onto the 
horizontal sides of R. Then M = b/a, and it can be estimated from above and 
below without finding the conformal map as we have shown in [2]. 
THEOREM. ,lf M is the conformal module of the quadrilateral ABCD, then the 
capacitance between the sides AB and CD is given by 
C = f n=lE5.... En sinW~W-l- (2) 
2. PROOF OF (2) 
If a is the harmonic measure of AB we have 
I= v*ds= 
s I- an 
grad u . grad v db, 
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by Green’s identity. Therefore 1 and C are conformally invariant, so that G 
may be assumed to be the rectangle R with corners at 0, rr, w + 6, ib with 
b=Mn. 
As is well known the solution of the Dirichlet problem in R can be given in 
series representation. In case of the harmonic measure u which is 1 on (0, x) 
and 0 otherwise on aR, we obtain 
@,y) = f GPn(X,Y) 
n=1 
with 
UJX, y) = sin(nx) * sinh(n(b - y)) and c, = b,/sinh(nb), 
where b, are the Fourier coefficients of h(r) = sign x (1 x j < r), i.e. 
b, = 0 n even 
= 4/(m) n odd. 
On the side (ib, ib + VT) of aR the outward normal derivative is 
c, sin nx(-n) for y = b, 
n=l 
so that from (1) 
I= IT s x=0 u,(x, b) dx = C -2c, = - 1 n& [n sinh(nb)]-l. nodd 
This proves (2). 
3. DIFFERENT REPRESENTATION OF C BY L'l!l 
In private communication, Kiihnau has given another representation of C 
in terms of M. First let 9) be a conformal map of G onto {w: 0 < Re w < l} 
such that CD maps onto {w: Re w = l}. The harmonic measure in the w-plane, 
U(W) = Re w, has outward normal derivative - 1 on {w; Re w = 0} and thus 
I=-A (3) 
where A is the distance of the images of A and B on {w: Re w = O}. To express d 
in terms of M, we use the maps wr = (i42) w + const and wa = PI such that 
A, B, C, D go into 1, e nA/2, co, 0, while the image of G is the first quadrant in 
the w,-plane. 
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Recalling now the mapping properties of w = sn z (see Nehari [5], p. 280) 
and putting l/k = end/a, we see that k can be expressed by the module M of our 
quadrilateral by 
with 4 = e-n’M; 
see also [5], p. 289. Hence the capacitance C = -114~~ = 4/47r is 
with k given by (4). 
Incidentally, C also determines the module M explicitly. Namely, the first 
quadrant with the points 1, k-l, co, 0 on its boundary defines a quadrilateral of 
module M = K/K’ where K and K’ are the complete elliptic integrals of first 
kind corresponding to the parameter k. Hence C determines M by 
M=g with k = e-nA/2 = e-2naC 
If ABCD has module M = 1 (which is the case when G can be mapped onto a 
square such that A, B, C, D go into its corners) we have k = 1/2r12 and hence 
bY (5) 
d c=g, 
in accordance with [I], p. 27. 
4. TABLE FOR THE REPRESENTATION (2) 
For convenience, C = C(M) has been tabulated for M = 0.1(0.1)4. 
M 
0.1 0.725544 1.1 0.012809 2.1 0.000553 3.1 
0.2 0.327657 1.2 0.009350 2.2 o.ooo4o4 3.2 
0.3 0.195033 1.3 0.006827 2.3 o.ooo295 3.3 
0.4 0.128792 1.4 0.004986 2.4 0.000215 3.4 
0.5 0.089302 1.5 0.003641 2.5 0.000157 3.5 
0.6 0.063468 1.6 0.002659 2.6 0.000115 3.6 
0.7 0.045692 1.7 0.001942 2.7 0.000084 3.7 
0.8 0.033118 1.8 0.001419 2.8 0.000061 3.8 
0.9 0.024091 1.9 0.001036 2.9 o.OooO45 3.9 
1.0 0.017558 2.0 0.000757 3.0 0.000033 4.0 
c M c M c M c 
0.000024 
0.000017 
o.OOoO13 
O.OOOOO9 
omOOo7 
o.OOOOO5 
O.OOOOO4 
o.OOOoO3 
o.OOoOO2 
O.OOOOOl 
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